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ABSTRACT 
The problem of the calculation of equilibrium thermodynamic properties and the establishment 
of statistical-thermodynamically-consistent finite bound-state partition functions in nonideal 
multi-component plasma systems is revised within the chemical picture. The present exploration 
accompanied by the introduction of a generalized accurate formulation, in terms of the solution 
of the inverse problem, clears ambiguities and gives a better understanding of the problem on top 
of pointing out weaknesses and inaccuracies/inconsistencies buried in widely used models in the 
literature. 
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1 – Introduction 
 
Within the chemical picture and for a fixed volume and constant temperature the 
Helmholtz free energy function is commonly used as the thermodynamic potential that can fully 
describe the thermodynamic properties of the assembly. Under equilibrium conditions this 
thermodynamic potential is minimized. In the early 1960s Gilda Harris et al. [1] introduced the 
approach of free energy minimization for the calculation of the equation-of-state and 
thermodynamic properties for different complex plasma systems. Since then the free energy 
minimization procedure has become widely used for the calculation of the equation-of-state, 
thermodynamic properties and radiative characteristics of laboratory and space plasmas [1-5]. At 
high densities, interactions and coupling mechanisms among different species in the system 
bring about a departure from the ideal behavior. This departure from the ideal behavior is usually 
taken into account in terms of a corrected or modified free energy function. According to 
Hummer & Mihalas (HM) [2] and Potekhin [4], an appealing feature of the free-energy 
minimization method is the assumed factorizability of the translational, configurational and 
internal components of the total many-body partition function and the corresponding separability 
of the components of the Helmholtz free energy such that  
intconfigtransj,ζ FFF}){N T,V,(F ++=                                                                                  (1) 
where V is the volume, T is the absolute temperature and Nj,z  refers to the population of the 
species of ionization state z of the chemical element j in the system. The terms Ftrans, Fconfig and 
Fint refer, in order, to the total translational, configurational and internal components of the free 
energy. As indicated by Potekhin [4] the internal structure of a composite particle is generally 
affected by the surrounding and therefore the separation in (1) is approximate.  
One useful feature of the chemical picture is that it facilitates introduction of the 
quantum-mechanical results, obtained for isolated bound species, into the thermodynamic plasma 
model. However, some problems arise because collective quantum properties of the plasma are 
not identical to the sum of the corresponding properties of the isolated species. In particular, 
strong particle interactions affect the bound state structure what manifests itself in the 
dependence of the internal partition functions on density [6] and one has to deal with these 
plasma nonideality effects (interparticle interactions) on the internal partition functions of bound 
species. Therefore the chemical picture entails inevitable approximations, which are usually 
treated by more or less heuristic methods. Even though, the chemical model (or free energy 
minimization) is the most conventional choice, since its canonical conjugate variables (volume, 
temperature and particle number) are quantities that can be directly controlled in laboratory 
experiments. 
Although the physical model or “physical picture” of building the plasma up from 
clusters of elementary particles provides a consistent alternative to the calculation of the 
thermodynamic functions (see for example [7-9]), a lot of difficulties appear connected with its 
implementation for multi-component plasma systems and, in particular, for plasma which 
contains atoms and ions of several chemical elements [6]. It was concluded by W. Ebeling [10] 
that the most realistic description is given by advanced chemical descriptions although still 
connected with open problems.  
The minimization of the free energy function subjected to the constraints of 
electroneutrality and conservation of nuclei is known to assure thermodynamic consistency 
among the population numbers and different thermodynamic functions derived from the same 
free energy function. Two approaches for the minimization of the free energy function have been 
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used in the literature; 1- using numerical optimization algorithms [1-3] and 2- by casting the 
minimization equations analytically into the form of nonideal (modified) Saha equations and 
solving the resulting set of nonlinear algebraic equations subjected to the above mentioned 
constraints [4,11,12]. It has to be noted, however, that a consistent scheme for establishing finite 
bound-state partition functions in the plasma environment is required for both methods of 
solution. Such a scheme should formally mimic the mechanism by which bound states are swept 
from being “bound” to the “continuum” causing the well-known phenomenon of pressure 
ionization at high densities. 
The use of the temperature-dependent Planck-Larkin partition function (PLPF), for 
nonideal plasma systems has been critically criticized by Rouse in Ref. [13] who argued that the 
use of PLPF for nonideal plasma systems suffers major physical problems. In a response to 
Rouse’s criticism, Ebeling et al in Ref. [14] recommended  the use of the discrete energy states 
of the Bethe-Salpeter equation (BSE) in the PLPF, for quantum statistical Coulomb system with 
bound states, in order for the latter to become temperature-and density-dependent. Following to 
Ebeling’s et al response to Rouse’s criticism, Rogers in Ref. [7] and Däppen et al (see, for 
example Refs [15, 16]) stressed that despite its name the PLPF is not a true internal partition 
function but merely an auxiliary term in a virial coefficient. Accordingly, the present analysis 
and discussion will be concerned with and restricted to formulations of the internal partition 
functions which are both temperature and density-dependent within the chemical picture. The 
manifestation and/or interpretation of the phenomenon of pressure ionization is therefore related 
to the scheme used for establishing finite bound-state internal partition functions.  
 
2– Internal Partition Function and the Occupational Probability Formalism 
 
As indicated above, the central problem of thermodynamic equilibrium at high density, 
within the chemical picture, lies therefore in the consistent determination of the density and 
temperature dependence of the scheme used to formulate finite internal partition functions of the 
ensemble of bound states. The cutoff of the bound-state partition function at some maximum 
state-dependent energy level in order to account for the effects of the environment (see for 
example Refs [2,4,17-21]) is known to abruptly switch a state from being “bound” to “free”.  
This abrupt disappearance of the bound state into the continuum will lead to discontinuities and 
singularities in the free energy and its derivatives in the expressions of the thermodynamic 
functions. In order to avoid these discontinuities in the internal partition functions, Hummer & 
Mihalas (HM) [2], following a historical work by Fermi [22], suggested the assignment of 
weights or occupational probabilities to all bound states of all species. These occupational 
probabilities depend, in general, on the occupation numbers of the species and the internal 
partition function (IPF) can therefore be written as 
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where ρ is the mass density, KB is the Boltzmann constant, Nj,z,i, gj,z,i and εj,z,i  represent, in order, 
the occupation number, the statistical weight and the excitation energy above the ground state for 
the excited state i of the ion z of the chemical element j in the mixture. The factor wj,z,i(V,T, 
{Nj,z,i})= gj,z,i ωj,z,i(V,T, {Nj,z,i}) is the corresponding state-dependent occupational probability of 
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that level. The occupational probability, wj,z,i(V,T, {Nj,z,i}), is presumed to decrease continuously 
and monotonically as the strength of the relevant interactions increases in order to produce a 
physically reasonable continuous transition between bound and free states. Further, the 
occupational probability wj,z,i(V,T, {Nj,z,i}) or equivalently the weight ωj,z,i(V,T, {Nj,z,i})  should 
drop strongly to zero as the binding energy of a level below the unperturbed continuum goes to 
zero in order to provide natural and smooth truncation of the internal partition function. The 
approach of the occupation probability formalism is extensively adopted and used in the 
literature (see for example Refs [23-27]). However, as shown by Fermi [22] and emphasized by 
HM [2] and Potekhin [4], the introduction of an occupational probability wj,z,i(V,T, {Nj,z,i})  is 
equivalent to a modification of the free energy such that wj,z,i(V,T, {Nj,z,i}) becomes consistent 
with and can be derived from the adopted form of the Fconfig.  
Both of HM and Potekhin assumed the separability of the configurational component of 
the free energy and possibility of deriving corresponding occupational probabilities, wj,z,i(V,T, 
{Nj,z,i}), that depend on the occupation numbers of the individual excited states; an assumption 
that will be logically and analytically disproved in the present paper. 
It has to be noted that HM [2] considered the simplest case of a single species perfect gas 
of neutral particles where the ionization processes are neglected and consequently no charged 
particles are involved. They assumed a separable configurational component, f,  of the free 
energy that is supposed to depend explicitly on the occupation numbers of the individual excited 
states {Ni} and allegedly assumed to be responsible for the truncation of the internal partition 
function. Considering the equilibrium between excitation/de-excitation processes they derived an 
expression for the occupational probability which takes the form 

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Even though, using this form of the occupational probability and substituting back into the free 
energy function they recovered a residual term    


 ∂∂− ∑
i
ii )Nf(Nf                                                                                                                  (4) 
which indicates that such a simple, separability of the configurational component of the free 
energy, in the case of using an occupational probability in the form (3), is not always possible. 
As commented by HM, the existence of the residual term expressed by Eq. (4) has been known 
for many years; however, many authors using heuristic occupation probabilities have ignored it 
and therefore arrived at formulations that are statistical-mechanically inconsistent. In order to 
assure thermodynamic consistency and to be able to use the relation for wi as in Eq. (3) Hummer 
& Mihalas had to assume linear dependence or astute linearization of the interaction term on {Ni} 
and they made every possible approximation in order to satisfy such a linear dependence even 
with the inclusion of ionization and the involvement of the long range Coulomb forces among 
the charged particles. Moreover, the use of wi as given by HM and unperturbed energy levels in 
the calculation of HM partition functions does not exclusively ensure convergence and finiteness 
of the IPF nor the manifestation of the phenomenon of pressure ionization; a problem that 
appears clearly at high temperatures. 
 On the other side, Potekhin [4] considered the case of hydrogen plasma including charged 
particles (i.e; taking ionization processes into consideration) and assuming the separability of the 
configurational free energy, the author derived a form for the occupational probability as 
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where Np, Ne, and Ni are the occupation numbers of protons, electrons and hydrogen 
atoms at excited state i, respectively.  Eq. (5), which reduces to Eq. (4) in the absence of charged 
particles, was introduced as a form of the occupational probability that is thought to be consistent 
with and can be derived from the proposed form of a separable configurational component of the 
free energy function. It has to be noted that Hummer & Mihalas in Ref. [2] split the 
configurational free energy into two components; a component f which is supposed to depend 
explicitly on the populations of the individual excited states and hence is supposed to be 
responsible for the truncation of the internal partition function and the component, F4, accounting 
for the Debye-shielded Coulomb interactions among free charges (as defined by GHR in Ref. 
[28]). In their description of the occupation probabilities, HM in Ref. [2] stated that “In addition, 
they can be incorporated in a statistical mechanically consistent way (see § II) into the free 
energy of the plasma along with the best-available models for other nonideal effects not 
explicitly accounted for in the occupation probabilities”. Such splitting is not made in Ref. [4] 
where both components are combined into the term Fconfig and hence this term is supposed to be 
responsible for the truncation of the partition function in Ref. [4]. 
 
In the present study we show that the use of a separable configurational component of the 
free energy function, equivalent to a form of wi similar to those derived by HM or Potekhin, is 
strictly conditional for a very limited situations of little or no practical importance as far as 
thermodynamically-consistent establishment of bound-state partition functions is concerned. 
Further, we show that assuming a separablility of the configurational component of the free 
energy function cannot lead to a truncation of the IPF unless an abrupt cutoff scheme is adopted. 
In addition we introduce, as a remedy, a generalized more accurate formulation of the problem in 
terms of the solution of the inverse problem in which, based on physical bases, an occupational 
probability (or more precisely, a scheme to establish finite IPFs) is prescribed in advance to 
satisfy and to assure a smooth truncation of the IPF and a manifestation of the pressure 
ionization. The resulting IPF in this case can then be used to calculate the occupation numbers 
and to derive the corresponding set of modified thermodynamic functions without the need to 
explicitly construct a separable form for the term of the configurational component, allegedly 
responsible for the truncation of the IPF, in the Helmholtz free energy function. This proposed 
solution stands on a fundamental statistical thermodynamic principle that is “all major 
thermodynamic functions could be expressed in terms of the partition function and once the 
partition function has been evaluated in terms of molecular quantities including molecular 
interactions, the equilibrium behavior of matter will be completely understood” [29-31].  
Values of the corrected or modified free energy of the system, if needed, can therefore be 
found either analytically or numerically depending on the used form of the occupational 
probability (or the scheme used to establish finite IPF).  
 
3– Weaknesses and Inconsistencies of HM Occupational Probability Formalism 
 
In the present section we point out the weaknesses and inconsistencies of the HM occupational 
probability formulation used in the calculation of equation-of-state of nonideal multi-component 
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plasma systems in the Opacity-Project (OP). The inconsistencies in Potekhin’s formulation are 
pointed out in another place [32]. 
Before going deeper into the analysis it has to be noted that the inconsistencies in Refs. 
[2,4] are very clear and simply recognizable from the assumption of the factorizabiliy of the 
partition function or equivalently from the assumption of separability of the free energy 
components. Simply, the factorizability of the partition function (or equivalently the separability 
of the free energy components) implies that various types of energies are independent of each 
other (the uncoupling assumption adopted in Refs. [2,4]). The separation of the configurational 
free energy therefore indicates that it has no influence on the internal free energy component. 
Now, if the configurational free energy (or interaction energy) has no influence on the internal 
free energy, the expectation that including a separable configurational component could lead to a 
truncation of the internal partition function is physically and logically incorrect because they are 
independent of each other by assumption. Unfortunately this simple logical fact was not 
recognized by the authors of Refs. [2,4] or others who used their formulations. It has also to be 
noted that the problems with HM model [2] are manifold and they have observational 
consequences, however, our interest here is to show the inconsistencies in its mathematical frame 
work. Other inadequacies of HM model including errors resulting from a simplified microfield 
treatment (a power law fit to a Holtsmark microfield distribution), the lack of higher-order 
Coulomb terms (beyond the clearly outdated t-correction of the Debye-Hückel approximation, 
and the absence of a non-linear configuration term for neutral extended species have been shown 
in other places [33,34,35].  
 
Considering a single-species (monatomic) perfect gas (no ionization or dissociation), 
Hummer & Mihalas [2], expressed the entropy of the gas as 
∑− +++= i iiBB NlnNK2
5GlnVlnTln
2
3NKS                                                               (6) 
where ( ) 2/32B hKm2G π= . In the same time they used the following expression for the internal 
energy  
 ∑+=
i
iiB NTKN2
3U ε                                                                                                            (7) 
where {Ni} are the occupation numbers satisfying the constraint of constant number of 
molecules; 
 
 ∑ ==
i
i constantNN                                                                                                                 (8) 
Ahead of proceeding to point out some of the weaknesses and limitations of the HM 
occupational probability formalism, it may be enlightening to discuss some fundamental aspects 
regarding Eqs. (6) and (7) used by HM to represent the entropy and internal energy of a 
monatomic perfect gas:  
Firstly, Eq. (6) may correctly and appropriately represent the entropy of a perfect monatomic gas 
if the subscript i is dropped from the last term in the right-hand-side (entropy of mixing). In such 
a case the last term becomes NlnNK B−  and Eq. (6) becomes in complete agreement with Eq. 
(43.5) in Landau and Lifishtiz [29] for atoms presumed to be in their non-degenerate ground 
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states (i.e., no excitation and no degeneracy of the ground state as well)1. Secondly, the inclusion 
of the excitation energies (excitation/de-excitation interactions) in Eq. (7) breaks the original 
assumption of a monatomic perfect gas, by definition, where a monatomic perfect gas has only 
translational kinetic energy (no means of storing energy except as kinetic energy). Therefore Eq. 
(6) and Eq. (7) are not compatible. This incompatibility is undoubtedly reflected in the free 
energy expression presented in their work as well; that is 
∑ ∑+++++−=
i i
iBiiB NTKN)1GlnVlnTln2
3(NTKF ε                                            (9) 
It may be recalled here that as indicated by HM “It should be emphasized, however, that in using 
the free energy method the statistical mechanical consistency of the formulation has to be 
checked because the method will obligingly produce results for any well-behaved F, even if that 
model of the free energy is incompatible with statistical mechanics (or is even physically 
nonsensical!). In order to explain this fundamental point more, let us consider, for the moment, a 
first interpretation in which one sticks to the original assumption of a monatomic perfect gas that 
HM started with bearing in mind that the last term in the entropy expression given in Eq. (6) 
should be NlnNK B− . In that case no excitation energies should be included and the terms 
including these excitation energies should be dropped out from Eq (7) and Eq (9) in order for 
these equations to correctly and compatibly represent a monatomic perfect gas. On the other 
hand, if one chooses to interpret the HM treatment as if it were pertaining to a monatomic gas 
with different excitation energies assuming the applicability of the Boltzmann distribution for 
excitation energies at low densities, then Eq. (7) is correct, however, Eq. (6) must include the 
entropy due to the degeneracy of the energy levels and an associated term has to be included in 
Eq. (9) as well. This latter interpretation may be supported by the appearance of the excitation 
energies in Eqs. (6,7 and 9).  
In order to explicitly identify and put a figure on these missing terms in the HM treatment, for 
such an interpretation, we start using the general expression for the entropy of any material [29-
31] 


 ++

= 1
TNK
U
N
QlnNKS
B
tot
B                                                                                          (10) 
where Qtot is the total partition function of the molecule. Equation (10) is valid for any state of 
matter, solid, liquid or gaseous [31]. Assuming factorizability of the translational and internal 
components of the many-body partition function as adopted by HM in Ref. [2] and Potekhin in 
Ref. [4] the total partition function of the molecule is given by the product of the translational 
partition function, Qtrans, and the internal partition function, Qint; that is Qtot = Qtrans Qint. 
Needless to say that any factorizable configurational partition function, if any, can be represented 
by a factor to be multiplied by and hence can be combined with the IPF. However, the opposite 
may not be always possible that is the total partition function can not always be factorized unless 
the assumption of the uncoupling of the translational, internal and interaction energy components 
is adopted.   Substituting from Eq. (7) into Eq. (10), for such a case, expanding the logarithm and 
making use of the constraint of constant number of molecules (Eq. (8)) one gets  
                                                 
1 The chemical constant z in Landau’s and Lifishtiz equation corresponds to the factor G in Eq. (6); see also Eq. 
(45.4) in Ref. [29]. 
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Considering the general form, according to HM, of the internal partition function (Eq. (2)), for a 
single element, (keeping in mind that ωi is unity for the Boltzmann distribution and no particle 
interaction) and using the relation between the occupation numbers and the internal partition 
function one can write 
i
TK/
iiiiint
N
e)T,V},N({g
N
)T,V},N({Q Biεω −=                                                                          (12) 
Equation (12) is used herein to represent both of the cases of high-density gas with the inclusion 
of )T,V},N({ iiω  and the case of low-density gas with excited states (following Boltzmann 
distribution and no particle interaction) where again for the latter case ωi is taken to be unity. 
Adopting the assumption of uncoupling of the translational energy made by HM [2] and 
Potekhin [4] and substituting from Eq. (12) into Eq. (11) using the expression for the 
translational partition function:  
VT
h
Km2VTGQ 2/3
2/3
2
B2/3
trans 

== π                                                                                 (13) 
one gets for the entropy of the gas with excited states the expression 
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The corresponding correct form of the free energy function, is therefore 
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The final forms in Eq. (14) and Eq. (15) can now be easily compared with the entropy and free 
energy expressions given by HM (Eq. 2.11 & Eq. 2.13 Ref. [2]), for the low-density case 
(following Boltzmann distribution and no particle interaction), where now it is clear that the last 
terms in Eq. (14) and Eq. (15) were not included in the HM work (for the duration of this 
comparison, one keeps in mind that ωi=1 for all species). Thus, for this latter interpretation, the 
set of Eqs. (2-11) to (2-13) in the HM work is not self-consistent too.   
To summarize, for Eq. (6) to reconcile or to be compatible with Eq. (7), one needs either to 
remove the excitation energies from Eq. (7) and Eq. (9) where the equations in this case will 
correctly and consistently represent the idealization of a monatomic perfect gas, or instead to 
modify Eq. (6) and Eq. (9) as given by Eq. (14) and Eq. (15) (with ωi=1) to represent an excited 
monatomic gas following Boltzmann distribution with no particle interaction (note that it can not 
be called a monatomic perfect gas in this case).  
It has also to be noted that the above discussion and the above derived expression for the entropy 
(see Eq. (11) for example) are in agreement with the discussion in section 46 (Landau and 
Lifishtiz [29]) and with Eq. (3.48) given by Zel’dovich & Raizer [36] with the definition of an 
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average excitation energy ε such that ∑=
i
iiNN εε . Besides, if one recollects the terms in Eq. 
(15) again, the basic statistical-thermodynamic relation for the free energy of any state of matter 
is obtained, that is      
)1
N
Q(lnTNKF totB +−=                                                                                                          (16) 
However, it should be remembered that a proper representation of Qint for the material under 
consideration (e.g. low or high density regimes) has to be taken into account. 
At the moment, if one adds to the low-density free energy function, Fid, (Eq. (15) with 
ωi=1,  the configurational component f(V,T{Ni},) that depends explicitly on the occupation 
numbers {Ni}, the equilibrium condition for an excitation/de-excitation process of the type 
(α↔α’), taking   f into consideration, is therefore 
C
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where C is a constant. Applying the same condition ( CNFNF =∂∂=∂∂ ′αα ) to the high 
density form of the free energy function (Eq. 15) in which the occupational probabilities, ωi, are 
used, one gets 
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Comparing Eq. (18) and Eq. (19) reveals that  
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Upon differentiating (20) with respect to Nα and summing over all excited species we arrive at 
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which is the residual term obtained by HM in Ref. [4]. Apparently, the vanishing of this residual 
term would not be achieved unless a restriction is imposed implying that 
0)T,V},N({ln
N
NN
i
iii =∂
∂∑∑ ω
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α                                                                                    (23) 
or equivalently that  
f
N
fN =∂
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α α
α                                                                                                                      (24) 
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Equation (22) gives the residual term [ ∑ ∂∂− )n/f(nf ii ] in terms of its equivalent in the 
occupational probability domain while Eqs. (23) and (24) express the HM approximate 
linearization in both domains. It is quite clear from Eq. (24) that f must be linear in {Nα} and 
from Eq. (23) that ωi is independent from {Nα}, a restriction that can not easily be satisfied 
without difficult-to-justify approximations on top of wiping out the basic requirement of the 
dependence of ωi on {Nα}. Hence, the HM occupation probability formalism does not assure the 
finiteness of the internal partition function or the manifestation of the phenomenon of pressure 
ionization at high density on top of being subject to all kinds of criticism against density-
independent internal partition functions.  
It has also to be noted that even for the simplest way to treat interactions among neutral particles, 
using the hard sphere model, in which a definite radius is assigned to each particle species, the 
condition of vanishing the residual term, i.e. 0]NfNf[ =∂∂−∑
α
αα  as required by HM 
formulation is not satisfied; rather a value –f was obtained. The inclusion of a similar term to 
account for interactions among charged particles, which depend on the long range Coulomb 
forces, is another added inaccuracy in the HM formulation. In order to go around these 
difficulties Hummer & Mihalas had to make every possible approximation to linearize the 
dependence of interaction terms in the free energy function on {Nα}. As stated in their paper, the 
HM linearization leads to an unavoidable double counting with an exponent of the occupation 
probability smaller by a factor of 2. It has to be recalled, however, that the occupational 
probability introduced by Hummer & Mihalas does not exclusively assure the convergence or the 
finiteness of the internal partition function.   
In conclusion, any separable part of the configurational component of the free energy is 
equivalent to a factor (that does not explicitly depend on the occupation numbers of the excited 
states) to be multiplied by other components of the internal partition function, however, it has to 
be included once either as a factor in the internal partition function or as a separable part of the 
configurational component of the free energy. In the latter case, the partition function included in 
the free energy expression will not be the complete or absolute internal partition function (in 
which the configurational factor is included) but rather a scaled one. This can be seen easily from 
Eqs. (15) or (16), however, a detailed explanation of this fact is provided in the appendix . In all 
cases, the complete or the scaled partition functions need to be finite and require a scheme to 
truncate the sum over the bound states. 
With the HM and similar occupation probability formalisms, one is left with two possibilities; 1- 
the use of the occupational probability as in Eq. (3) and accurate nonlinear interaction term 
Fconfig which is statistical-mechanically inconsistent, or 2- the use of the occupational probability 
as in Eq. (3) and linear interaction term Fconfig which is consistent but inaccurate and does not 
satisfy the basic requirement of the dependence of ωi on the occupation numbers of the excited 
states, therefore no guarantee for the truncation of the IPF in a neutral gas in such a case.  
 In the following section we consider the general case of using any scheme to truncate the 
internal partition function and provide a more accurate and consistent solution of the problem. 
 
4– A Consistent Formulation and the Solution of the Inverse Problem  
 
Considering a mixture of chemical elements js at temperatures sufficiently high for all 
molecules to be fully dissociated, the mixture can therefore be regarded as a mixture of 
monatomic gases with ions of different ionization multiplicities zs in addition to free electrons. 
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At high densities, degeneracy of the electron gas has to be taken into account; however, ions 
remain classical because of their heavy masses. Taking the state of the neutral gas to be the 
standard or reference state, the free energy function for this system can, therefore, be written as ( )
[ ]
C
j
i,,j
int
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3
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F
id,eeBid,e2/3
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eB
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(25-a) 
where cj,m is the ionization energy of the ion j,m and the term∑
=
−
ζ
χ
1m
1m represents the accumulated 
sum of the successive ionization energies spent in creating the ground-state of ion z from the 
ground-state of its neutral atom (reference state); that is equivalent to the energy of ground state 
of the ion z measured from the ground state level of its precursor neutral atom. In Eq. (25-a), FC 
represents a separable part of the configurational component of the free energy that is not 
exclusively sufficient for the termination of the IPF, if any. One has to note that the partition 
function )T,V},{N(Q ,ij,
int
,j ζζ in Eq. (25-a) is a scaled partition function which in conjunction with 
the separable part of the configurational free energy, FC, constitutes the complete or absolute 
internal partition function )T,V},{N(Q ,ij,
int
,j ζζ as explained above. All the results of the 
discussion given below in regard to the scaled internal partition function also apply to the 
complete or absolute IPF, where in the latter case FC  is understood to be implicitly embedded in 
the truncated IPF.  
The first term on the right hand side of Eq. (25-a) represents the free energy of an ideal, partially 
degenerate Fermi electron gas where TKm2h Bkk πΛ = is the average thermal wave length 
of the particle k in the mixture, µe,id is the chemical potential of the ideal Fermi electron gas and 
Iν is the complete Fermi-Dirac integral of the order n;  
∫
∞
+−+= 0
dy
1)xyexp(
y
)1(
1)x(I
ν
ν νΓ                        (26) 
where G is the gamma function. The electron chemical potential µe,id is related to the number of 
free electrons in the system by  ( ) )TK(IV2N Bid,e2/13ee µΛ=                                    (27) 
Without any loss of generality one can write the free energy of a partially degenerate Fermi 
electron gas as the sum of the classical free energy for electrons, clcid,eF , plus a correction term 
dgc
id,eF∆ that is formally equivalent or equal to the difference between the quantum and the 
classical electrons’ free energies; i.e. ( )clcid,edgcid,edgcid,e FFF −=∆ . Using the expression for the 
classical free energy for an ideal electron gas, Eq. (25-a) can now be written as  
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(25-b) 
 
Various schemes for establishing a finite bound-state partition function are taken into account in 
Eqs. (25-a) and (25-b) by considering the dependence of the internal partition function on the 
occupational numbers as well as on volume and temperature. At equilibrium, the free energy is 
minimum and the occupation numbers can be found by minimizing the free energy in the 
ionization processes giving rise to a set of (∑j Zj ) equations of the form  
0
N
F
N
F
N
F
e1,j,j
=∂
∂−∂
∂−∂
∂
+ζζ
       ζ=0,1,…,Zj & j=1,….,J                              (28) 
where Zj is the atomic number of the element j in the mixture. The minimization condition (28) 
gives rise to 
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(29) 
 
In Eq. (29), use has been made of the fact that the excitation energies of the two successive ions 
j,z and j,z+1 must be referenced to the same zero level, for which one may choose the ground 
state of the ion j,z  giving rise to the appearance of the ionization energies cj,z in the above set of 
equations. Noting that dgcid,eF∆ is independent of the occupation numbers Nj,zs, the following 
substitutions can be used to ease and improve the readability of Eq. (29) and subsequent 
Equations: 
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The last term in the left-hand-side of Eq. (29) (also the last substitution in (30)) is a result of the 
dependence of the scaled internal partition functions on the occupation numbers of the species; 
that is a consequence of the scheme used to effectively terminate the internal partition function. 
This term which is frequently ignored by many authors in the literature is necessary for the 
thermodynamic consistency of the formulation. We have seen above that forcing this term to 
vanish, when using occupational probabilities similar to the HM formulation, implied a density-
independent scaled IPF demolishing a basic constraint set for the IPF to depend on the 
occupation numbers in order to assure finiteness of the IPF. This result can be generalized for 
any scheme used to truncate the IPF as shown below, that is to say, a separable configurational 
component of the free energy (or the vanishing of this residual term) implies a density-
independent IPF with all of the above-mentioned associated shortcomings. Since the occupation 
numbers and the IPFs are always nonnegative, therefore the vanishing of the residual term as it 
appears in Eq. (30) requires  
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Successive use of the relation (31) gives  
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Applying the constraint of electro-neutrality, the differential of the IPF can be expressed as  
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Assuming that all chemical reactions other than ionization and recombination are neglected, 
which is the case for a mixture of inert gases or a plasma mixture at temperatures sufficiently 
high for polyatomic molecules to be considered as fully dissociated. In such a case the number of 
heavy particles of any chemical element, Nh,j, and the total number of heavy particles in the 
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system ∑=
j
j,hH NN remain unchanged (i.e; dNh,j=0 and dNH=0). Upon substitution from Eq. 
(32) into Eq. (33) and using the last stoichiometric constraint of conservation of elemental nuclei, 
one gets  
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The final result of Eq. (34) indicates that for the case of a separable configurational component 
of the free energy (vanishing of the residual term), the thermodynamically consistent IPF will be 
independent of the occupation numbers with no guarantee of the finiteness of the IPF.  
Apart from the issue of the separability of the configurational component of the free 
energy, the solution of the set of nonlinear equations (29) will give the occupation numbers of all 
particle species in the mixture given that a scheme for establishing finite bound-state partition 
functions is known or adopted in advance. Using the above substitutions in (30), the condition 
(29) therefore leads to a set of coupled nonlinear equations of the form [ ]
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The scaled internal partition functions in Eqs. (35) are those forms adopted in advance ensuring 
the convergence or finiteness of the IPFs. The solution of the set of Eqs (35) subjected to the 
constraints of electroneutrality and conservation of nuclei gives the equilibrium occupation 
numbers of all species. Noting that the set of Eqs. (35) have the form of corrected or modified 
Saha equations, available algorithms for the solution of Saha equations can be used to calculate 
the population numbers with relative simplicity and high accuracy. It may be enlightening to 
note here that the residual term intQ,j ζχ∆ appears in Eq. (35) as a correction or modification of the 
ionization energy. Accordingly, the integrability criterion derived in a previous work [28] can be 
simply applied to this term to show whether the scheme used to truncate the IPF can be directly 
related to a separable configurational component of the free energy function, or not. It will be 
seen therefore that a scheme capable to truncate the IPF can never be fully condensed 
exclusively in a separable analytic and continuous expression for the configurational component. 
The remaining part to complete the consistent formulation of the problem is therefore to 
derive the modifications to the set of thermodynamic functions corresponding to the adopted 
scheme to establish a converging or finite IPF. This task can easily be performed by 
differentiating Eq. (25-a) directly where the pressure is given by 
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Similarly, the internal energy can be expressed as 
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The excitation energies of all species are embedded in the last term in Eq. (37). The set of Eqs 
(35, 36 and 37) in conjunction with the constraints of electroneutrality and conservation of nuclei 
together with the scheme used to establish finite bound-state partition functions represent the 
complete set of equations to be used to consistently calculate the occupation numbers and 
thermodynamic properties of the nonideal plasma system under consideration, within the 
chemical picture. 
 
V. ILLUSTRATIVE EXAMPLE 
In section 4 we presented a consistent mathematical formulation of the problem of the 
calculation of thermodynamic properties and the establishment of finite bound state partition 
functions for a multi-component plasma mixture within the chemical picture. The formulation is 
a generalization of a previously introduced formulation for the case of hydrogen plasma [32]. As 
has been shown above, the consistent establishment of  finite IPFs in the inverse scheme 
necessitates the introduction of new correction terms to the ionization potentials, intQ,j ζχ∆ , plasma 
pressure, ∑∑ ∂∂= j ijjjHBQ TVNQVNTKP w ζ ζζζα∆ ),},({ln ,,int,, , and internal energy, 
∑∑ ∂∂= j ijjjHBQ TVNQTNTKU w ζ ζζζα∆ ),},({ln ,,int,,2 , as consequences of the scheme used, in 
advance, to truncate the IPF. In this section, an illustrative example is worked out to show both 
simplicity and effectiveness of the proposed scheme and the significance of including these 
corrections on top of being essential for consistency.  
The present example is worked out for a 15-element solar mixture using the same models for the 
occupational probability and Coulombic interaction term used in Ref. [32]. As indicated in Ref 
[32], in a more rigorous theory, the occupational probability and the interaction terms may be 
derived based on the same physical model of particle interactions. It may be recalled that the 
only consequence of using the occupational probability as in Ref [32] is the correction to the 
pressure ω∆ QP  or the pressure of shell compression. 
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Figure 1 shows the individual components of the pressure due to free electrons Pe, Coulombic 
correction
CF
P∆ , shell compression ω∆ QP  and the total pressure of a 20000 K, 15-element solar 
mixture plasma all normalized to nKBT where n is the number density of heavy particles. The 
component of the pressure due heavy particles (not shown in the figure) is understood to be unity 
in this case. As expected, the Coulombic correction term (separable part of the configurational 
free energy) contributes a negative component to the pressure which becomes significant at high 
densities. The component of the free electrons’ pressure increases significantly at high densities, 
as the degree of degeneracy increases, preventing the collapse of the plasma in this case as 
explained in Ref. [32]. As it can be seen from the figure, the shell compression component ω∆ QP  
has a non-negligible effect and contributing a significant positive component of the computed 
total pressure. This component is however essential for the self-consistency of the set of 
thermodynamic functions along with the calculated occupation numbers. Figure 2 shows the total 
pressure for the same plasma mixture with and without the shell compression 
component ω∆ QP confirming the quantitative importance of this component as discussed above. 
For completeness we provide in Figures 3 and 4, respectively a set of isotherms of the pressure 
and degree of ionization of the 15-element solar mixture as functions of the heavy particle 
number density.  
1016 1018 1020 1022 1024
−2
−1.5
−1
−0.5
0
0.5
1
1.5
2
2.5
 n [cm−3]
P 
/ n
 K
B 
T
P 
P
e
 ∆ PQω 
∆ PFC 
 
Figure 1 Normalized components of free electrons’ pressure, Pe, Coulombic correction term, 
CF
P∆ , and shell compression term, ω∆ QP , along with the total pressure of a 20000 K, 15-element 
solar mixture as functions of the number density of heavy particles. 
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Figure 2 Normalized total pressure of a 20000 K15-element solar mixture plasma with and 
without the shell compression component, ω∆ QP . 
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Figure 3 Isotherms of normalized total pressure of 15-element solar mixture plasma as functions 
of the heavy particle number density. 
 
 
 19
1016 1018 1020 1022 1024
0
0.2
0.4
0.6
0.8
1
1.2
 n [cm−3]
A
ve
ra
ge
 Io
ni
za
tio
n 
St
at
e,
 ζ a
v
15000 K 
20000 K 
25000 K 
30000 K 
15−Element Solar Mixture 
 
Figure 4 Isotherms of the degree of ionization of 15-element solar mixture plasma as functions 
of the heavy particle number density 
 
 
6-Summary and Conclusions  
 
The problem of thermodynamically-consistent calculation of equilibrium thermodynamic 
properties and the establishment of finite bound-state partition functions in nonideal plasma 
mixtures is scrutinized within the chemical picture. The present exploration clears ambiguities 
and gives a better understanding of the problem on top of pointing out weaknesses and 
inaccuracies buried in widely used models in the literature. A consistent formulation of the 
problem, within the chemical picture, in terms of the solution of the inverse problem is 
introduced. The proposed scheme generalizes the scheme previously introduced for hydrogen 
plasma to the case of nonideal multi-component plasma mixtures. A nontrivial example is 
worked out showing the quantitative significance of including those correction terms necessary 
for the thermodynamic consistency terms which have been neglected in the majority of 
publications in the literature.  
 
Acknowledgments 
 
The author wishes to thank Dr. W. Metwally from GE (GNF), Wilmington, NC for suggesting 
improvements to the manuscript and Prof. T. Thiemann from the Chemistry Dept., UAE 
University for the time and efforts he courteously devoted in translating Fermi’s original article 
(reference 15) from German to English. 
 20
This work is supported by the UAE University, contract 05-02-2-11/08. 
 
References 
 
1. G. M. Harris, J. E. Roberts, and J. G. Trulio, “Equilibrium Properties of a Partially Ionized 
Plasma,” Physical Review, 119 (6), (1960) 1832. 
2. D. G. Hummer and Dimitri Mihalas, “The Equation of State for Stellar Envelopes. I. An 
Occupation Probability Formalism for the Truncation of Internal Partition Functions,” The 
Astrophysical Journal 331:794-814 (1988). 
3. D. Mihalas, W. Däppen, and D. G. Hummer, “The Equation of State for Stellar Envelope. II 
Algorithm and Selected Results,” The Astrophysical Journal, 331 (1988) 815-825. 
4. A. Y. Potekhin, “Ionization equilibrium of hot hydrogen plasma,” Phys. Plasmas 3 (11) 
(1996) 4156-4165. 
5. A. Y. Potekhin and G. Chabrier, Y. A. Shibanov, “Partially ionized hydrogen plasma in 
strong magnetic field,” Phys. Rev. E, 60, (1999) 2193-2208. 
6. W. Ebeling, A. Förster, V. Fortov, V. Gryaznov, A. Polishchuk, Thermophysical Properties 
of Hot Dense Plasmas, (Leipzig Stuttgart 1991)  
7. F. J. Rogers, “Occupation Numbers for Reacting Plasmas: The Role of the Planck-Larkin 
Partition Function,” APJ 310:723-728 (1986)  
8. C. A. Iglesias, F. J. Rogers and B. G. Wilson, “Reexamination of the Metal Contribution to 
Astrophysical Opacity” APJ Lett, 322, L45 
9. A. Alastuey · V. Ballenegger · F. Cornu · Ph.A. Martin, “Exact Results for Thermodynamics 
of the Hydrogen Plasma: Low-Temperature Expansions Beyond Saha Theory,” J. Stat Phys 
130, 1119-1176 (2008)  
10. W. Ebeling, “Problems of Bound States in Plasmas-Physical and Chemical Picture Revised,” 
Physics of Particles and Nuclei, 2008, Vol. 39, No. 7, pp. 993-997 
11. Mofreh R. Zaghloul, “Reduced Formulation and Efficient Algorithm for the Determination 
of Equilibrium Composition and Partition Functions of Ideal and Nonideal Complex Plasma 
Mixtures,” Physical Rev. E., 69 (2004) 026702.  
12. Mofreh R. Zaghloul, “Efficient and Consistent Methodology for the Calculation of 
Population Densities, Partition Functions, and Thermodynamic Properties of Ideal and 
Weakly Nonideal Multi-component Plasma Mixtures in the P-T Phase Space,” IEEE 
Transactions on Plasma Science, Vol. 33, No. 6 1973-1983 (2005). 
13. Carl A. Rouse, “Comments on the Planck-Larkin Partition Function,” APJ 272, 377-379 
(1983). 
14. W. Ebeling, W. D. Kraeft, D. Kremp, and G. Röpke, “Energy levels in hydrogen plasmas and 
the Planck-Larkin partition function - A comment,” APJ 290:24-27 (1985) 
15. W. Däppen, L. S. Anderson, and D. Mihalas, “Statistical mechanics of partially ionized 
stellar plasma - The Planck-Larkin partition function, polarization shifts, and simulations of 
optical spectra,” APJ 319, 195 (1987) 
16. W. Däppen, A. Nayafonov, “The Sun as an Equation of State Laboratory,” APJ Supp. Series, 
127, 287-292 (2000) 
17. Hans-Werner Drawin and Paul Felenbok, Data for plasmas in local thermodynamic 
equilibrium, Gautheir-Villars Paris (1965). 
18. H. N. Olsen, “Prtition Function Cutoff and Lowering of the Ionization Potential in an Argon 
Plasma,” Physcal Review, 124, 6 (1961) 1703-1708 
 21
19. M. Capitelli and G. Ferraro, “Cut-off criteria of electronic partition functions: effects on 
spectroscopic quantities,” Spectrochimica Acta Part B: Atomic Spectroscopy, 31 (5) (1976) 
323-326. 
20. O. Cardona, E. Simonneau, and L. Crivellari, “Analytic partition function for plasmas,” 
Revista Mexicana De Fisca 51 (5) (2005) 476-481 
21. D. Bruno, M. Capitelli, C. Catalfamo, and A. Laricchiuta, “Cut-off of electronic partition 
functions and transport properties of thermal plasmas,” 28th ICPIG, July 15-20 Prague, Czeck 
Republic (2007) 235-237  
22. E. Fermi, Z. Phys., 26 (1924) 54  
23. V. E. Zavlin, G. G. Pavlov and Yu. A. Shibanov, “The effects of plasma microfield 
distributions and ionization potential lowering on the opacity and spectra of radiation from 
photospheres of cooling neutron stars,” Astronomical & Astrophysical Transactions, 4 (4), 
307 - 312  (1994)  
24. T. Nishikawa, “Simple Expression of Occupation Probability in the “Chemical Picture,” The 
Astrophysical Journal, 532, 670-672 (2000)  
25. Kilcrease, David Hakel, Peter Abdallah, Joseph Magee, Norman Mazevet, Stephane and 
Sherrill, Manolo, “An Occupation-Probability-Formalism Equation-of-State For New 
Opacity Calculations,” American Physical Society, 45th Annual Meeting of the Division of 
Plasma Physics, October 27-31, 2003, Albuquerque, New Mexico, MEETING ID: DPP03, 
abstract #QP1.167, (APS Meeting Abstracts, 1167P) 
26. Hakel, Peter and  Kilcrease, David P, “CHEMEOS: A New Chemical-Picture-Based Model 
for Plasma Equation-of-State Calculations,” AIP Conference Proceedings, 730 (1), 14th  APS 
topical conference on atomic processes in plasmas, Santa Fe, NM (United States), 19-22 Apr 
(2004) 
27. Alexander Y. Potekhin, “Equation of state for partially ionized carbon at high temperatures,” 
Physical Review E 72, 046402 (2005)  
28. H. C. Graboske, D. J. Harwood, and F. J. Rogers, “Thermodynamic Properties of Nonideal 
Gases. I. Free-Energy Minimization Method,” Phys. Rev., 186, 210 (1969) 
29. L. D. Landau and E. M. Lifshitz, Course of Theoretical Physics, V5: Statistical Physics, 
Part 1- 3rd ed., 1980 (Pergamon Press Ltd) 
30. R. E. Sonntag and G. Van Wylen, Introduction to Thermodynamics: Classical and 
Statistical, second edition, (John Wiley & Sons Inc., USA, 1982) 
31. Malcom Dole, Introduction to Statistical Thermodynamics, (Prentice-Hall, Inc., New York, 
1954 ) 
32. Mofreh R. Zaghloul, “On the ionization equilibrium of hot hydrogen plasma and 
thermodynamic-consistency of formulating finite internal partition functions,” Phys. Plasmas 
17, 062701 (2010) 
33. F. J. Rogers and C. A. Iglesias, “Opacity and the Equation of State,” ASP Conference Series, 
Vol. 135 (1998) 
34. A. Nayfonov , W. Däppen , D. G. Hummer , and D. Mihalas, “The MHD Equation of State 
with Post-Holtsmark Microfield Distributions,” The Astrophysical Journal, 526:451-464, 
(1999)  
35. F. J. Rogers, “ A distribution function approach for effective occupation numbers and the 
equation of state of hydrogen plasmas,” Apj, Vol. 352, 689-697 (1990) 
36. Y B Zel’dovich and Y. P. Raizer, Physics of ShockWaves and High-Temperature 
Hydrodynamic Phenomena vol I (New York: Academic, 1966) 
 22
Appendix 
Let FC in Eq. (25-b) be written as 
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                                                                       (A-1) 
This is equivalent to multiplying int,ζjQ in Eq. (25-b) by the factor ( )TKNF BHC /exp − . Now, in 
Eq. (29) the third term in the left hand side, namely,  ( ) JjZFNNN jCejj ,....,1&,....,1,0,/// 1,, ==∂∂−∂∂−∂∂ + ζζζ                                                      (A-2) 
should be recovered or obtained from the last term in the left hand side if we multiply int,ζjQ by the 
factor ( )TKNF BHC /exp − . Note that multiplying int,ζjQ by this factor in the first term in Eq. (29) 
produces no change in the term since int,ζjQ appears both in the numerator and denominator of the 
argument of the logarithmic term. For the last term in the left hand side of Eq. (29), multiplying 
int
,ζjQ by the above mentioned factor is equivalent to adding a new term (noting that 
ln(ab)=ln(a)+ln(b)) given by 
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which can be written as 
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Since FC does not depend on k or z (summation indices) while the partial differentiation is to be 
performed with respect to Nj,z, Nj,z+1 and Ne, therefore one can take ( ) ( )HCejj NFNNN //// 1,, ∂∂−∂∂−∂∂ +ζζ  outside the summation as a common factor with the result 
that the above term becomes 
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43421                    (A-5) 
which is the third term in the left hand side of Eq. (29). Accordingly, any separable part of the 
configurational component, FC, of the free energy (factorizable configurational component of the 
partition function) is equivalent to a factor given by  ( )TKNF BHC /exp −=ω  to be multiplied by 
other components of the internal partition function, however, it has to be included once either as 
a factor in the IPF or as a separable part of the configuration component of the free energy. 
Apparently this factor cannot exclusively truncate the IPF as it can be factored out from the sum 
over the states and the need to truncate the sum persists.  
 
 
